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Motivation

“.synthesizing circuits is exceedingly difficulty. It is even more difficult to
show that a circuit found in this way is the most economical one to realize
a function. The difficulty springs from the large number of essentially dif-
ferent networks available.”

Claude Shannon, 1949

This lecture discusses the polynomial hierarchy, a generalization of P, NP
and coNP. We will provide four equivalent definitions for the polynomial
hierarchy, using:

e quantified predicates,

e alternating Turing machines,

e oracle Turing machines, and

e uniform families of circuits (next lecture).

We also use the hierarchy to show that solving the SAT problem requires
either super-logarithmic space or super-linear time.



INDSET and EXACTINDSET

To understand the need for going beyond nondeterminism, lets recall an
NP problem INDSET, for which we do have a short certificate of member-
ship:

INDSET = {(G, k) : Graph G has an independent set of size > k.} .

Consider a slight modification to the above problem, namely, determining
the largest independent set in a graph (phrased as a decision problem):

EXACTINDSET = {(G, k) : The largest ind. set in GG has size exactly k} .

Now there seems to be no short certificate for membership: (G, k) €
EXACTINDSET iff there exists an independent set of size k£ in G and every
other independent set has size at most k.



MIN — DNF

Similarly, consider the language MIN — DNF, the decision version of a
problem in circuit minimization, a topic of interest in electrical engineering.

We say that two boolean formulae are equivalent if they have the same set
of satisfying assignments.

MIN — DNF {p: ¢ is a DNF not equivalent to any smaller DNF.}

{o: Vo, [o] <lel,Fs: P(s) # @(s)} .

Again, there is no obvious notion of a certificate of membership. Note that
both the above problems are in PSPACE, but neither is believed to be
PSPACE-complete.



The classes >4 and M5

Def.. The class Zg is the set of all languages L for which there exists a
poly-time M and a polynomial ¢ such that for every x € {0, 1}*:

v €L & Jue{0,14907Dvy e {0, 139020 p(z,u,0) =1 .

Def.. The class I‘Ig is the set of all languages L for which there exists a
poly-time M and a polynomial ¢ such that for every z € {0, 1}*:

zeL < vue {0,13907D3, ¢ f0, 139020 (2, u,0) =1 .

It follows from the definitions that:
e NP,coNP < Zg nns;
o LeMyiff L € &%.



Examples

EXACTINDSET e Zg: Since a pair (G, k) is in EXACTINDSET iff:

35VvS’: Sis an ind-set of size k and S’ is not a ind-set of size > k+ 1 .

EXACTINDSET € N%: Since a pair (G, k) is in EXACTINDSET iff:

vS’3S: if |S’| > k41 then S’ is not an ind-set, but S is an ind-set of size k .

MIN — DNF € M%: Since a pair ¢ is in MIN — DNF iff:

Vyds: Y] <ol = ¥(s) 7 o(s) .

MIN — DNF is conjectured to be complete for M5,



The Polynomial Hierarchy

Def. 5.4 (Polynomial Hierarchy). For every ¢« > 1, a language L is in
Zf iIf there exists a poly-time M and a polynomial ¢ such that for every
r € {0,1}*:

re€L<s JuyeCNVureC...Qu; € C: M(xz,uy,...,u;) =1,

where C = {0, 1}9{zD) and @, denotes V or 3 depending on whether i is
even or odd respectively. We say that L is in I‘If if there exists a poly-time
M and a polynomial ¢ such that for every x € {0, 1}*:

re Lo VureC,ureC...Qu; € C: M(x,uy,...,u;) =1,

where ; denotes V or 3 depending on whether 7 is odd or even respec-
tively. The polynomial hierarchy is the set PH = U; 2.

Remark: =% = NP and N] = coNP. More generally, N = co="?. Note

also that that = C I‘If+1, and so PH = y;n?.



Properties of the Polynomial Hierarchy

We believe that P = NP and NP # coNP. An appealing generalization
of these conjectures is that for every i, the class Zf IS strictly contained in
Zf+1. This is called the conjecture that the polynomial hierarchy does not
collapse. If the polynomial hierarchy does collapse this means that there
is i such that > = U;3% = PH. In this case, we say that the polynomial
hierarchy has collapsed to the -th level. The smaller i is, the weaker, and
hence more plausible, is the conjecture that PH does not collapse to the
1-th level.

Theorem: For every i > 1, if =¥ = N then PH = ¥, i.e. PH collapses
to the ith level. If P = NP then PH = P, i.e. PH collapses to P.

Proof: We do the second part: the first part is similar and also easy. As-
suming P = NP, we prove by induction on ¢ that Zf, I‘If C P. Clearly, this
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is true for ¢+ = 1 since under our assumption NP = P = coP = coNP.
We assume it is true for « — 1 and prove it for . Assuming L € Zf, we will
show that L € P. By definition, there is a poly-time M and a polynomial ¢
such that (if every certificate u; € ¢ = {0, 1}4zD):

r €L & JuiVus...Qiu;: M(xz,uq,...,u;) =1 .

Define the language L’ as follows:

(z,u) € L' & Yus...Qu;: M(z,u,up,...,u;) =1,
i.e. © € L iff there is w1 such that (x,u1) € L’. By assumptions, L' ¢
N? ; = P and so there is a poly-time M’ such that M'(z,u) = 1 &
(z,u) € L'. Hence,
€Ll < Jui: M(z,u1) =1,
which means that L € NP = P.



Complete Problems for Levels of PH

Def.: For every ¢, we say that a language L is Zf-complete if L € Zf
and L' <, L for every L' € . We define M?-completeness and PH-
completeness in the same way.

We will show that for every ¢ € N, both =} and M} have complete prob-
lems. In contrast the polynomial hierarchy itself is believed not to have a
complete problem, as is shown by the following simple claim:

Claim: Suppose that there exists a language L that is PH-complete, then
there exists an ¢ such that PH = Zf and hence the hierarchy collapses to

its ith level.
Proof sketch: Since L € PH = U;X7, there exists ¢ such that L € =%.
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Since L is PH-complete, we can reduce every language of PH to Zf to
L, and thus PH C 7.

Remark: 1t is not hard to see that PH C PSPACE. A simple corol-
lary of the Claim is that unless the polynomial hierarchy collapses, PH #
PSPACE. Indeed, otherwise the problem TQBF would be PH-complete.

Example: For every ¢« > 1, the class Zf has the following complete prob-
lem 3-,SAT involving quantified boolean expression with limited number of
alternations:

FuiVuodus ... Quu;p(ui, us,...,u;) =1,

where ¢ is a Boolean formula (not necessarily in CNF-form, although this

does not make much difference), each w; is a vector of boolean variables,

and Q); is V or 4 depending on whether i is odd or even. Notice that this is
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a special case of the TQBF problem. One can similarly define a problem
M,;SAT that is NY-complete.

Example: In the SUCCINCT — SET — COVER problem we are given a col-
lection S = {p1,¥2,...,m} of 3-DNF formulae on n variables, and
an integer k. We need to determine whether there is a subset S’ C
{1,2,...,m} of size at most k for which Vv,-¢/; is a tautology. Umans
showed that this problem is =2-complete.



Alternating Turing Machines (ATM)

ATMs are generalizations of nondeterministic Turing machines. Alternating
TMs are similar to NDTMs in the sense that they have two transition func-
tions between which they can choose in each step, but they also have the
additional feature that:

e Every internal state except gyccept aNd gna)t IS labeled with either Jor v.

Similar to the NDTM, an ATM can evolve at every step in two possible
ways. Recall that a non-deterministic TM accepts its input if there exists
some sequence of choices that leads it to the state gyccept- In an ATM, the
exists quantifier over each choice is replaced with the appropriate quantifier
according to the labels.
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Def. Let M be an alternating TM. For a function T': N — N, we say that M
is an T'(n)-time ATM if for every input x € {0, 1}* and for every possible
sequence of transition function choices, M will halt after at most T'(|z|)
steps. For every x € {0, 1}*, we let G/ ,, be the configuration graph of z,
whose vertices are the configurations of M on input  and there is an edge
from configuration C to C’ if C’ can be obtained from C' in one step using
one of the two transition functions. Recall that this is a directed acyclic
graph. We label some of the nodes in the graph by ACCEPT by repeatedly
applying the following rules until they cannot be applied anymore:

e The configuration Cyccept Where the machine is in gyccept IS labeled
ACCEPT.

e If a configuration C'is in a state labeled 4 and one of the configurations
C' reachable from it in one step is labeled ACCEPT then we label C ACCEPT.
e If a configuration C is in a state labeled vV and both the configurations C’,
C" reachable from it in one step is labeled ACCEPT then we label C ACCEPT.
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We say that M accepts «x if at the end of this process the starting config-
uration Cst45rt IS labeled ACCEPT. The language accepted by M is the set
of all x-s such that M accepts x. We denote by ATIME (T (n)) the set of
all languages accepted by some T'(n)-time ATM.
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For every i € N, we define Z, TIME(T'(n)) (resp. N; TIME(T(n)) to be
the set of languages accepted by a T'(n)-time ATM M whose initial state
is labeled 3 (resp. V) and on which every input and sequence of choices
leads M to change at most ¢ — 1 times from states with one label to states

with the other label.

The following claim is left as an easy exercise:

Claim: For every ¢ € N:

> P = U.Z; TIME(n), N? = UM, TIME(n) .
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Unlimited number of alternations?

What if we consider poly-time alternating Turing machines with no a pri-
ori bound on the number of quantifiers? We define the class AP to be
U.ATIME (n¢). We have the following theorem:

Theorem: AP = PSPACE.

Proof: PSPACE C AP follows since TQBEF is trivially in AP (just guess
values for each existentially quantified variable using an 3 state and for
universally quantified variables using a Vv state) and every PSPACE lan-
guage reduces to TQBF. AP C PSPACE follows using a recursive proce-
dure similar to the one used to show that TQBF € PSPACE.

Similarly, one can consider alternating Turing machines that run in polyno-
mial space. The class of languages accepted by such machines is called
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APSPACE. We can prove that APSPACE = EXP. One can similarly
consider alternating log-space machines; the set of languages accepted
by them is exactly P.
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The Padding Argument

If CL1(f(n)) and CL>(g(n)) are complexity classes that are character-
ized by the resources (time of space) they allow to spend to the machines
that accept languages belonging to these classes. The resources are mea-
sured by functions f(n) and g(n) respectively (with O-precision), where n
IS the input size.

Theorem: If CL1(f(n)) C CL2(g(n)) then CL1(f(n)) C CL2(g(n®))
for every constant ¢ € N.

Proof: Let L € CL1(f(n¢)) and M be a machine that decides L in f(n°)-
time(or space). If ¢ = 1, the statement is trivial. Otherwise, if ¢ > 2, define
a new language

L = {zo1lI*=ll=1: 2 e 11 .
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Define a new machine M’(y) that accepts iff y is in the form z01/%1°~lz[-1
and M (xz) = 1. Machine M’ works with resources f(|z|¢) = f(]y|) and
hence,

L' € CL1(f(n)) C CLa(g(n)) .

Hence, there is a CL>-machine N’ that decides L’ in g(n)-time (or space).
Finally, define a machine N(z) = N’(z01/*I° — |z| — 1), which decides L
with resources

g(| x0T ==y = g(J2)%)
Hence, L € CL2(g(|x|¢)).

Corollary: If NTIME(n) C DTIME(n!-2) then
NTIME(n!?%) C DTIME(n'?) .
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Time-Space Tradeoffs for SAT

Despite the fact that SAT is widely believed to require exponential (or at
least super-polynomial) time to solve, and to require linear (or at least
super-logarithmic) space, we currently have no way to prove these con-
jectures. In fact, as far as we know, SAT may have both a linear time
algorithm and a logarithmic space one. Nevertheless, we can prove that
SAT does not have an algorithm that runs simultaneously in linear time and
logarithmic space. In fact, we can prove the following stronger theorem:

Theorem 5.13: For functions S,T: N — N, define TISP(T'(n), S(n)) to
be the set of languages decided by a TM M that on every input x takes at
most O(T'(|x|)) steps and uses at most O(S(|x|)) cells of its read/write
tapes. Then, SAT ¢ TISP(nl-1, n0-1).
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Remark: The class TISP(T'(n), S(n)) is typically defined with respect to
TM’s with RAM memory (i.e., TM'’s that have random access to their tapes;
such machines can be defined in a similar way to the definition of oracle
TM’s). The proof carries over for that model as well. We also note that
a stronger result is known for both models: for every ¢ < (v/5 + 1)/2,
there exists d > 0 such that SAT ¢ TISP(n¢ n%) and furthermore, d
approaches 1 from below as ¢ approaches 1 from above.

Proof of Theorem: We will show that NTIME(n) ¢ TISP(nl-2 n0-2).
This implies the result for SAT by following the ideas of the proof of the
Cook-Levin Theorem. A careful analysis of that proof yields a reduction
from the task of deciding membership in an NTIME(T'(n))-language
to the task deciding whether an O(T'(n) log T'(n))-sized formula is sat-
isfiable, such that every output bit of this reduction can be computed in
poly-logarithmic time and space. Hence, if SAT € TISP(n!l-1, n01) then
NTIME(n) C TISP(nl1. polylog(n),n®1. polylog(n)).
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Replacing Time with Alternations
The main step in proving NTIME(n) € TISP(n12,n0-2) is:

Claim 5.14.1: TISP(n12, n?) C Z>TIME(n%).

Proof: The proof is similar to the proofs of Savitchs Theorem and the
PSPACE-completeness of TQBF. Suppose that L is decided by a ma-
chine M using n!? time and n? space. For every «z € {0, 1}*, consider
the configuration graph G, . of M on input z. Each configuration in this
graph can be described by a string of length O(n?) and z is in L if and
only if there is a path of length n12 in this graph from the starting config-

uration Csiart 10 an accepting configuration. There is such a path if and
only if there exist n° configurations C1,...,C 6 (requiring O(n®) to spec-
ify) such that if we let C/ = Cstart then C 6 is accepting and for every
i € {1,...,n°} the configuration C; is computed from C;_1 within n®

steps. Beoause this condition can be verified in n° time, we can we get an
O(n®)-time <,-TM for deciding membership in L.
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Next step: if NTIME(n) ¢ TISP(n!2, n9%2) does not hold, and hence
NTIME(n) C TISP(n12,n9%2), we can replace alternations with time:

Claim 5.14.2: If NTIME(n) C DTIME(n1-2) then
> >TIME(n®) C NTIME(n”°) .
Proof: Using the characterization of the PH by alternating machines, L is
in ~>TIME(n®) if and only if there is an O(n8)-time M such that:
re L < 3ue {0,139 v e {0, 1 M(z,u0) =1 .

for some constants ¢, d. Yet if NTIME(n) C DTIME(n1-2), then by
the padding argument we have a deterministic algorithm D that on inputs
z,u With |z| = n and |u| = cn® Juns in time O((n®)12) = 0(n?°) and
returns 1 if there is v € {0, 1}4 n° such that M (x,u,v) = 0. Thus,

x € L < Ju e {0, 1}C|$| . D(z,u) =0 .
implying that L € NTIME(n°-°).
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Final Proof: Claims 5.14.1 and 5.14.2 show that the assumption that

NB!
NTIME(n) C TISP(n'?,n%?) C DTIME(n!'?)

leads to a contradiction: by the padding argument, it implies that
NTIME(n1%) C TISP(n!?, n?)

which by Claim 5.14.1 implies that NTIME(n19) C “>TIME(n3). But
together with Claim 5.14.2 this implies that

NTIME (n1%) € NTIME(n96) |

contradicting the non-deterministic time hierarchy theorem.
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Defining PH with Oracle Machines

Recall that oracle machines are executed with access to queries of the
form “is ¢ € O” for some language O. For every O C {0, 1}*, an oracle
machine M and input z, we denote by MY (z) the output of M on z with
access to O as an oracle. We have the following characterization of the
polynomial hierarchy:

Theorem 5.15: For every i > 2, ¥P = NPZi~1°AT where the latter
class denotes the set of languages decided by poly-time non-deterministic
machines with access to the oracle 3_;_1SAT.

Remark: Because having oracle access to a complete language for a class
allows to solve every language in that class, some texts use the class name
instead of the complete language in the notation for the oracle. Thus,
some texts denote the class =% = NP>AT by NPNP| the class =5 by

NP
NPNP™ etc.
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What have we learned?

e The polynomial hierarchy is the set of languages that can be defined
via a constant number of alternating quantifiers. It also has equivalent
definitions via alternating TMs and oracle TMs. It contains several natural
problems that are not known (or believed) to be in NP.

e We conjecture that the hierarchy does not collapse in the sense that each
of its levels is distinct from the previous ones.

e We can use the concept of alternations to prove that SAT cannot be
solved simultaneously in linear time and logarithmic space.
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